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Abstract 

Let D be a bounded symmetric domain of tube type . We show that the image of the 
Poisson transform on the degenerate principal series representation attached to the Shilov 
boundary of £) is characterized by a covariant differential operator on a homogeneous line 
bundle on D. 

1 Introduction 

>, 

Let G/K be a bounded symmetric domain of tube type with Shilov boundary L7/P=. in [E 
Shimeno proved that the Poisson transform maps the space *B(l7/P=, L\) of huperfunction- 
valued sections of a degenerate spherical series representation attached to G/Pw bijectively 
onto an eigenspace of the Hua operator % on G/K, under certain conditions on the parameter 
\e(a s )* c . 

The aim of this paper is to generalize the above result to a homogeneous line bundle E v over 
G/K. 

To state our result in rough form let us fix some notations. 
Let E v be the homogeneous line bundle on G/K associated to a one dimensional representation 
t v of K. Let B> V (G/K) be the algebra of G-invariant differential operatos on E u . Shimeno [TS] 
proved that the Poisson transform P^ u is a G-isomorphism from the space B{G / P, L^ u ) of 
hyperfunction-valued sections of principal series representations attached to the Furstenberg 
boundary G/P onto the solutions space A{G/K, M.^ v ) of the system of differential equations 
on E v 

M„, v : (D- X ^AD))F = VDeH(G/K), 
under certain conditions on fi and v. In above \^,v is a certain character of the algebra V> U (X). 

Let Pe = M^A^Ne be the Langlands decomposition of P~. Let £ be the one dimensional 
representation of Pn defined by 

^(miman) = T v {m)a p ~~ x , nil E M^ :S ,m E M,a E A^,n E iV s , 

where A E (a~)* (a^ = Lie(A s )) and M= s is the semisimple part of Ms, (see section 4). 
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Let Z/£ be the homogeneous line bundle over the Shilov boundary G/Ps associated to £. 
For / in B(G/Ps, L^\) the space of hyperfunctions-valued sections of the homogeneous line 
bundle we define its Poisson transform by 



where dk is the normalized Haar measure of K. 

The degenerate series representation B(G/P~,, L^\) attached to G/P~ is a G-submodule of a 
principal series representation B(G/P, L^ >v ) (p,\ = X—ps+p) and the image P\ tU (B(G/Ps, L^\)) 
is a G-submodule of the solution space A(G/K, M. Px>v ) of G-invariant differential operators on 



Therefore it is natural to pose the problem of characterizing this image by differential operators 
on E v . 

In the trivial cases the origin of this problem goes back to L. H. Hua [I] who showed in the 
case of the classical Cartan domain of n x n matrices that for / in B(G/P=) P Ps f is annihilated 
by n 2 second order differential operators. Since then many authors considered the problem 
of constructing differential operators characterizing the image P Ps (B(G/ see [7], [H] in 
the case of the Siegel upper half plane. In j5] Johnson and Koranyi constructed second order 
differential operator %-called then after Hua operator- and showed that ~H characterizes the 
image P P8 (B(G/Ps,). Lassalle [10] reproved their result introducing the operator H q , cutting 
down the number of equations. 

In this paper we will show that the image of B(G/P=, L^ } \) under P\ v is characterized by a 
K- covariant differential operator on E u . 

Let g and t be the Lie algebras of G and K respectively and g = t © p be the Cartan 
decomposition of G with Cartan involution 9. 

The center 3 of t is of dimension one and there exists Z G 3 such that adZ define a complex 
structure on p c . Let 



be the corresponding eigenspace decomposition of p c . 

Let Ei be a basis of p + and E* be the dual basis of p_ with respect to the Killing form of g c . 
We consider the element of il(g c ) ® tc -called here the Hua operator- defined by 



The operator % is a homogeneous differential operator from the space of C°°-sections of E v 
to the space of C°°-sections of the homogeneous vector bundle on G/K associated to the 
representation r v <g> Ad^ c , which does not depend on the choice of basis, (see section 4) 
The pair (K, K PI Ms) is a compact symmetric pair. Let r be the corresponding involution of 
t and let t = [ © q be the decomposition of fi into eigenspaces of the r. 
Let T-L q be the element of it(g c ) © q c defined by 




E v . 



g c = p_ © tc © p+ 



u q = Y, E i E *i®p{\ E i> E z\)i 



where p denotes the orthogonal projection of t c onto q c . 
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The main result of this paper can be stated as follows 

Theorem 1.1 Let X be a complex number and let v e pZ such that 

m 

-A--(-r + 2+i)£{l,2...} for 2 = 0,1, 
e v (ji\) ^ 0. 

Then the Poisson transform P\ v is a G -isomorphism from the space B(G/ P=, L^\) onto the 
space of C°°- section of E u satisfying the system 

4p 

In the above e~ 1 (fi\) denotes the denominator in the Harish- Chandra function c v {ji\) and 
p = 2i] is the genus of D, see section 3. 



In the case r is the trivial representation, Theorem 1.1 has been established by Lassalle pj3] 
for A = p= and generalizes to generic A by Shimeno [T4"] . 

To prove our result we first show that every solution of the Hua system is a joint eigenfunc- 
tion of the algebra H) V (X) (Theorem 6.1). To do so, we consider a subsystem e it(fl c ) <S> f) c , 
where f) C q is a Cartan subalgebra of the symmetric pair (t, I). 
Then we prove (Theorem 6.2) that if F is a r^-spherical function satisfying 

¥ = M W 

then the function 

r 

0(ti, ...,t r ) = YlicoshtjYF^, ...,t r ), 

satisfies the following system of differential equations 

d 2 (f) . n dd> . dd> m ^ 1 , . . dd> . . n dd> . 

— tt + 2 coth ztu— zvtanhtu— 1 > ^ k (sinhzr,— sinh2ts.— — 

dt\ k dt k k 8t k 2 (sinh 2 - sinh 2 t k ) 1 J ^ <9t fc ' 

_ (A 2 - (rj - v) 2 ) 

4 ^ 

for all fe = 1, r. 

Then by using a result of Yan [16J on generalized hypergeometric functions in several variables 
we deduce that F is given (up to a constant) in terms of the generalized hypergeometric function 
2F^ m \b } c,d;xi,...., x r ) associated to the parameter m, see [IB]. Namely 

F(t 1 ,....,t r ) = n(l-tanh 2 ^ 2^i (m) ( A + \~ A + % + ~ ; V, tanh 2 t x , tanh 2 t r ), 

3=1 

To finish the proof of our main result we show that the induced equations of the Hua system 
for boundary values on the maximal boundary G/P characterize the space B(G/P~,,L\£). 
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As a consequence of the method of the proof of Theorem 1.1, we obtain an explicit expression 
of a Hua type integrals. Namely, we have 



h(z,z) , *+n 



h(z,u)- u du = ll r j=1 {l - tanh 2 ^)^ 



s I h(z,u) 



P W /A + 77 - 1/ A + ?7 + z/ 

2-^1 i — o — > — o — ; 



77, tanh 2 1\ 



, tanh 2 t r ), 



with z = kat-0. 

The above formula has been established for v = by Faraut and Koranyi in [3J. 
In the case of the trivial line bundle on G = SU(n,n)/S(U(n) x U(n)), the above Hua type 
integral can be given explicitly in terms of the classical Gauss hypergeometric functions. More 
precisely, for z = tanh tU 



where d m = 11(1 + "^_™ J ), and 

A fc (t) = (1 _ tanh 2 t)^^£^tanh fc t 2 F 1 (^^, + k,l + k; tanh 2 t), 



2-^1(0, 6, c; x) being the classical Gauss hypergeometric function and (a)& the Pochammer sym- 
bol. See [2] for more details. 

The organization of this paper is as follows. After a preliminaries on Hermitian symmetric 
spaces we review in section 3 the results of [H] on the Poisson transform on homogeneous 
line bundles on the Furstenberg boundary. In section 4 we define the Poisson transform on 
degenerate principal series representation attached to the Shilov boundary and introduce the 
Hua operator H on E u . Using a trivialization of the space of C^-sections of E v we give a 
realization of H on the Harish-Chandra realization of G/K (Proposition 4.1). Section 5, 6 and 
7 are devoted to the proof of our main result . 

Recently I was informed by Professor Koufany that he and Professor Zhang have proved 
the necessity of the conditions in Theorem 1.1 by using a different method, see [9]. 

Acknowledgement: I thank Professor Koranyi for sending me his preprint [8 J which will 
appear in the volume for J. A. Wolf's 75th birthday, where the necessity of the Hua equations 
is also proved. 

2 Preliminaries and notations 

In this section we recall some structural results on Hermitian symmetric space, see [1] for more 
details. 

For a real Lie algebra b we shall denote by b c its complexification. 

Let G be a connected simple Lie group with finite center and let K be a maximal compact 
subgroup. 

Let g = t © p be the Cartan decomposition of the Lie algebra g of G with respect to a Cartan 
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involution 9. We suppose that G/K is a Hermitian symmetric space of tube type with rank r. 
Thus t has one dimensional center 3, t s — [t, t] ^ t and t = 3 © t s . 

Let Z G 3 such that (adZ ) 2 = — 1 on p c . Let p + (respectively p_) be the i (respectively —i) 
-eigenspace of adZ in $j c . 

Then p + and p_ are Abelian subalgebras. Moreover [p + ,p_] = t c . We thus have the Harish- 
Chandra decomposition of g c 

C = p+ + { c + p_. 

Let P+,P- and denote the analytic subgroup of G c corresponding to the Lie subalgebras 
p+,p- and t c respectively. Then P + K C P_ is an open dense subset of G c containing G. For 
z G p + and g G G we denote by U(g : 2) the component of g exp z. That is 

gexpz = exp(g.z)U(g : z)p_(g). (2.1) 

Under the above action the G-orbit V = G.O of z = G p + is a bounded domain in p + and -K" is 
the isotropy subgroup of 0. This is the Harish-Chandra realization of the Hermitian symmetric 
space G/K. 

2.1 The Roots. 

Let t be a Cartan subalgebra of t (and hence also of Let A denote the root system of ($j c , t c ). 

For a G A let Q a denote the root space for a. A root a is said to be compact (resp. 
noncompact) if the root space g a is contained in t c (resp.p c ). Let B denote the Killing form of 
Q c . For each root a we can choose root vectors H a G t c , E a e Q a , and E_ a G Q- a such that 

a(H) = B(H,H a ), V#Gt c , 

[E a , E- a ] — H a , TE a = —E_ a , 

with B(E a ,E~_ a ) = 1. 

In above r denotes the conjugation in g c with respect to the real form t + ip. 

For a, P in A, we set < a, f3 >= B(H a , Hp). Then the length | a | of a root a is defined by 
I a |= y/< a, a >. 

Put c a = Let if Q = c^i/ a and = c a E a . Then the root vectors H a , E a and satisfy 

[E a , E_ a ] = H a , [E a , E_ a ] = H a , 

2 

B(E a ,E^ a ) = — . 

I a I 

Moreover ct(H a ) =2. 

We choose an ordering on A such that a noncompact root is positive if and only if Q a C p+. 
We denote by $ + the set of positive noncompact roots. Then we have 

P+ = 0a ' 
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For each a G $ + we set 

X a = E a + E- a , Y a = i(E a — E- a ). 

Two roots a and (3 are said strongly orthogonal if neither a + (3 nor a — (3 are roots. 
Let T = {7i,....,7 r } be a maximal set of strongly orthogonal noncompact roots, such that 
7j is the highest element of $ + strongly orthogonal to jj+x, 7 n for j = r, 1. Then 
a = Y^j=i ^-Xjj is a maximal Abelian subspace of p. 

Let f) denote the Abelian subalgebra generated by the elements iH 7 . ,j = 1, r and let I) 1 - be its 
orthogonal in t with respect to the Killing form B. Then t) 1 - = {H G t; jj(H) = 0, j = 1, r}. 



For a, (3 G A denote a ~ /3 if and only if a |r,= /3 |f,. Let 
for 1 < z < j < r. 



Let C denote the set of compact roots in <p. Define 

(7 = {«6C;a~ 0}, 

and 

C {j = {aeC;a~ lj ~ 7 * }, fori < i < j < r. 

Then it is known that A + is the disjoint union of the sets T, Co, Cij, $^ and $ + is the disjoint 
union of the sets T and <£>^. 

Let a G Define 5 G t* by 5 = 7; + 7j — a. Then a G see [TO] . 
Now we recall a result from [1] which will be helpful later. 

Proposition 2.1 Let k be a fixed integer, 1 < k < r. 

(i) For 7j £ T we nave jj(H lh ) = 25 jk- 

(ii) If a G $+ fc; £/ien a{H lk ) = 1. 
(mj In a// ot/ier cases a(if 7 J = 0. 

(iv)Let a G $+ fc . Tnen < a, a >=< 7^, 7fc > if a ^ a and < a, a >= | < 7fc, 7/c > if a = a. 
Let c be the Cayley transform of $j c given by 

7T — 

c = exp -(£ - E ), 

where E = J2k=i E lk - Then Adc(if 7j ) = X 7j , and Adc(i)) = ia. 

It is well known that Adc A = 1 and Adc 2 is an automorphism of t. Let [ (respectively q) be 
the +1 (respectively — l)eigenspace of Adc 2 in t. Then we have 3 is a subset of q . Moreover, 
let q s = q fl t s then t s = q s + I and q = q s + 3. 

Put /3j = 7j o (y4dc _1 |a), for j = 1, r. Then the set of restricted roots S of the pair (0, a) 
is given by 

±(3j_± (3 k 
2 



E = {± j 9 j (l<J<r), ^ ^ (Kj/Kr)}. 
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Let S + be the set of positive roots in S. Then 

S + = {/3, (l<J<r),^^ (l<k<j<r)}. 

The Weyl group W of £ acts as the group of all permutations and sign changes of the set 
f3 r }, so it is isomorphic to the semi-direct product of (Z/2Z) r and the symmetric group. 

We set 

a, = J -— J -, (1 < j < r - 1) a r = ft. 



Then T = {ai, ...,a r } is the set of simple roots in S + . Let {#1, ...,i? r } denote the basis of a 
which is dual to {a\, a r }. 

For a G £ let a" denote the corresponding root space and let m a be the multiplicity of a. 
The multiplicities of the roots ± ^ ] ^ k an d ±/3j are m and 1 respectively. 
As usual set p = \ J2 a& x+ m *®, n + = ]C ae s+ 0° and n ~ = ^( n )- 

Let A, N + and iV~ be the analytic subgroups of G corresponding to a, n + and n~ respec- 
tively. The group G has the Iwasawa decomposition G = KAN + . Let M be the centralizer of 
a in K. Then P = MAN + is a minimal parabolic subgroup of G. 

Let H = r\{a r } and let P= be the corresponding standard parabolic subgroup of G with the 
Langlands decomposition P= = MwA^Nw such that Aw C A. Then Pw is a maximal standard 
parabolic subgroup of G and the space G/P= is the Shilov boundary of X. 
If a= denotes the Lie algebra of Aw, then 

a= = {H g a; 7 (iT) = 0,V 7 G S}. 

Moreover a s = 1RX where X = J^ =1 A 7j . 

On a= we define the linear form po by po{Xo) = r. Let p= be the restriction of p to a~. Then 

r — 1 

P~ = ( m ^~ + !)Po- 
The algebras decomposes as = tl H + n^E) 1 *", where 



and we have p~ = m + a + n + + n(S)~, p= been the Lie algebra of Pw. 



3 Eigensections of invariant differential operators 

We review the main result of p3] on the image of the Poisson transform on the principal series 

representation attached to the Furstenberg boundary G/P. 

Let us first denote by p the genus of the bounded domain V, given by 

p = m(r — 1) + 2. 
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Then the length | 7^ | of the roots 7, is such that | 7, |= -^=. 
Let Z = ^Zq where n = dimcp+- 

Let K s be the analytic subgroup of K with Lie algebra t s . For v G pZ define : — > C x by 
Tjy(A;) = 1 if k G K s and r„(exp(£Z)) = e~ w * for tel. Then r„ determines a one dimensional 
representation of K and all one dimensional representation of K have this form, see [12] and 
the remark below. 

Remark 3.1 Since 

B(Z,Z ) = -2p, 
it follows that Z is the same as the element 

1 " 2iH l3 

in |Xf . 

Let E v be the homogeneous line bundle on G/K associated to r u . 
The space of C°°-sections of E u can be identified with the space C°°(G/ K,r v ) of all C°°- 
functions on G such that f(gk) = r^k)^ 1 f(g) for all g G G and k E K. 
The group G acts on C°°(G/K,t v ) by the left regular representation 7r(g)f(x) = f(g~ 1 x). 
Let Bj,(X) be the set of all left-invariant differential operators on G that map C oc {G/K^ r v ) into 
itself. Then, accordingly to Shimeno result [13] D„(X) is isomorphic, via the Harish- Chandra 
isomorphism j u , to U(a) w the set of Weyl group invariant elements in U(a). 
For /i G a* and G pZ we define an algebra homomorphism Xp,u °f B^fX) by 

=7*P)(m)- 

For /x G a* we denote by B(G/P, L^ u ) the space of hyperfunction- valued sections of the homo- 
geneous line bundle on GjP associated to the character o~^ v of P given by 

a n tV (man) = a p ~^T u (m) m G M,a G A,n G iV + . 

For / G B(G/P, L^ v ) we define the Poisson transform by 

TWO) = / f(gk)r v {k)dk. 

Jk 

A straightforward computation shows that 

V,,J(g) = [ e-^ H ^f{k)T u {K{g- l k))dk, 
Jk 

where k : G — > K and H : G — > a are the projections defined by g G n(g)e H ^ N + . 

Let B(G/K, 77) be the space of hyperfunction-valued sections of the homogeneous line bun- 
dle E v on G/K. We denote by A(G/K,Jvl^ u ) the space of all real analytic functions in 
B(G/K,r u ) which satisfy the system of differential equations 

M^ v ■ DF — j v (D)(n)F, D G B U (G/K). 
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Let e,,}, be the denominator of the c-function associated to V a \. That is 



-l 

l<j<k<r 



J] T{\{l + N + v))T{\{l + N -v)). 



x . . - , 
AA 2 

i<i<r 

Theorem 3.1 f77| / Let /i6a* and i/ £ pZ satisfying the conditions 

_ 2 < //,a > , 12 , ^ orflW ftGE + 
< a, a > 

and 

^ 0, 

i/ien i/ie Poisson transform is a G -isomorphism from B(G/P, L^ u ) onto A(G/K,A4^i). 
The inverse ofV\ M is given by the boundary value map up to a non-zero constant multiple. 



4 The Poisson transform and the Hua operator 

4.1 The Poisson transform on a homogeneous line bundle 

Following [15] we define the Poisson transform on degenerate principal series representation 
attached to the Shilov boundary G/P-, of T>. 

Let Ms, s be the analytic subgroup of M= with Lie algebra [martin]. From here on we suppose 
that r v is such that r v |xnA/ Hs = 1- 

For A £ C and v £ pZ let ^\ )V denote the one dimensional representation of P= defined by 

Ca,i/(wiwH = a Ps ~ xp0 T u (m), for all mi £ M= jS , m £ M, a £ A», n £ Ng. 

Let B(G/ Pg, L\ )V ) be the space of hyperfunction-valued sections of the line bundle on G/P= 
associated to the character £x,u- The Poisson transform P\ v of an element / £ B(G/Ps,L\ tU ) 
is defined by 

Px,uf(g) = [ f{gk)r v {k)dk. (4.1) 

Jk 

By the generalized Iwasawa decomposition G = KPg, the restriction map from G to K 
gives an isomorphism from B(G/P=, L\ yV ) onto the space B(K/Kg, L v ) of hyperfunction-valued 
sections of the homogeneous line bundle on K/Kg associated to the representation t v . Here 
Kg = K f] Mg. 

For A £ C define the following C-linear form fix on a* by 

f Mx{H) = {Xp -p s )(H s )+p{H), 

where Hg is the as-component of H with respect to the orthogonal decomposition a = a=©a(E). 
We have 

B(G/P S , L\m) C B(G/P, L^ u ). (4.2) 
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From (4.2) we deduce 



P X ^B(G/P S , L AiV )) C A(G/K, M„ x , v ). (4.3) 

A straightforward computation shows that the Poisson transform of f E B(K/K S , L v ) is 
given by 

Jk 

The space B(K/ K s , L u ) can be identified to the space of all hyp erf unctions / on K such 
that 

f(km) = T-\m)f(k) V m E K s . 

Let A be the map defined from B(K/K S ), L$) into the space B(K/K E ) of all hyperfunctions 

on the Shilov boundary K/K^ by Af(k) = T v (k)f{k). Then A is a ^-isomorphism. 

Using A the Poisson transform (denoted again by P Xl/ ) of an element / G B(K/K~) is given 

by 

Px,J(9) = [ e-^)«' HB to- lfc )/(fc)r l/ (fc- 1 «(</- 1 fc))dfc, (4.4) 
Jk 

where 2r] = p 

4.2 The Hua operator. 

If (9, V) is a finite dimensional representation of the compact group K, we denote by C°°(G/K, 6) 
the space of C°°-sections of the homogeneous vector bundle on G/K associated to 9. 
Let Ei be a basis of p + and E* be the dual basis of p_ with respect to the Killing form B. 
Let U (g c ) denote the universal enveloping algebra of g c . We consider the element of U(g c ) ® t c 
defined by 

H = Y i E i El®[E j ,ET]. 

i,j 

Then H defines a homogeneous differential operator from the space C ao (G/K, t v ) to the space 
C 00 (G/K, t v ®AcLk |t c , which does not depend on the choice of basis. Let V be a linear subspace 
of t and let V c be its complexification. We denote by p the orthogonal projection from t c onto 
V c . We extend p on U (g c ) <8> t c by setting 

p(U ® X) = U ® p(X) (U EU(g c ),X et c ). 

We put U Y =p{'H). 

If Vj is a basis of V c and v* is the dual basis with respect to B. Then 

k 

where Uk is the element of U(g c ) given by 

U k = Yl[v k , Ej}E*, 
j 
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see [El. 

Let A u be the operator defined on C°°(G/K, r u ) by 

A v F{z)=T v (U(g:0))F(g), z = g.O. (4.5) 
Then A v is an isomorphism from C°°(G/K,t u ) onto C°°(I}). Notice that 

T ^(U(g:z)) = [J(g,zp, 
where J(g, z) stands for the Jacobian of the transformation g. 

Now we define an action T v of G on D as follows: 
For each g G G define T u (g) such that the following diagram 

C°°(G/K, t v ) C^iG/K, Tv ) 



Au 



C°°(V) *~ C°°(V) 

is commutative. 

The following result can be proved by direct computations 

Lemma 4.1 i) Let F G C°°(T>). For any g G G we have 

T u (g)F(z) = r^Uig- 1 : z))F(g- l z) 

ii) The operator A u is a G -intertwining operator from C°°(G/K,t u ) onto C°°(T>). 

Using the above G-intertwining operator the Hua operator may be viewed as acting on 
C°° (£">). The new operator which we denote by H will be given below. 
For / G C co {G/K, r u ® Ad), we define the function A Tv ® M f : G/K -»■ C ® £ c by 

= (r, g> Ad)(U{g : ()))/(<?), z = £.0. 

We define the Hua operator H on C°°(£~>) such that the following diagram 

C°°(G/K,t v ) ^C°° (G/ K, r v <g) Ad K \ ic ) 

C°° (V) — — C°°(V, C ® fi c ) 

is commutative. 

Proposition 4.1 Lei F G C°°(P). T/ien we /iave 

HF{z) = r u (U(g : 0)) Y}M(U(g : O)- 1 )^^ : O)- 1 )^; 1 ^) ® z = </.0(4.6) 
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Proof. The proof follows by direct computations. 

The Hua operator T-L has the following invariance property 
Proposition 4.2 For any h G G and F G C°°('D) we have 

T u {h){U)F{z) = AdiUih- 1 : z))U{T v {h)F){z). 

Proof. Let g G G such that g.O = z. We have 
HF(h-\z) = r u {U{h~ l g : 0)) Y} Ad (U{h' l g : 0)' 1 ) E^U (h' 1 g : ^E^F^g)®^, E*], 

by Proposition 4.1. 

Use the following identities 

U(h- 1 g:0) = U(h- 1 ,g.0)U(g:0), 

and 

^ Ad(k~ 1 )E i Ad(k~ 1 )E* f(g) ® = X>£*/(<?) ® 

for every k E K c to obtain that 

HF{h-\{z)) = t^UQi- 1 : ^^([/(/T 1 : z))T v (U(g : 0)) 
x X>W<? = O)- 1 )^^^^ : 0)" 1 )E;A; 1 F(^ 1 ( 7 ) ® [£,,£*]. 

Next by using A^F^g) = A; 1 (T i ,(/i)F)(^) as well as (4.6) we get 

r_ v {U{h- 1 : z))UF{h- l .z) = Ad{U{h- 1 : z))U{{T v {h)F){z), 
and the proposition follows. 

5 Necessity of the conditions 

In this section we will establish that Poisson integrals are eigenfunctions of the Hua operator. 
Lemma 5.1 Let F G C°°(G/K,t). Then 

if and only if the function F = A U F satisfies HP = — - F.(—i)Zq. 
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Proof. It follows by direct computations. 



Let du be the normalized .fT-invariant measure on the Shilov boundary S. By using the 
operator A u we can rewrite the Poisson transform (4.4) from B(S) to C°°{T>) 

P\, v f{z)= \ P x , u {z,u)f(u)du, 

where 

with z = g.o and u = k.E . 

Next we introduce a f^-invariant polynomial h(z) on p + whose restriction on YTj=i is 
given by 

r 

h(J2a j E 7j ) = U r j=1 (l-a 2 j ). 

Let h(z,w) denote its polarization, see [3] for more details. 
Proposition 5.1 i)P x , u )(z,v) = [ ^^p ] ~ ± ^ J± h{z, v)~ u . 

(z,U)Jg(z) 2 vJg{u) 2p J g (u) 2p . (5.1) 

Proof, i) Let 

= e-^ + ^ H ^-^r v (U(g : 0))t,(k(^ 1 ) 2 = £.0 (5.2) 

Observe that the right hand side of (5.2) is right i^- invariant, hence ^\ M (z) is well defined on 
V. Define fix £ a * D Y A* a = -Vo + Ps — P- Then 

Next recall that if g = ne A ^ Ki(g) with respect to the decomposition G = NAK, then 

A(g) = -H(g- 1 ),K 1 (g) = (K(g- 1 ))- 1 . 

Henceforth 

= e^+^M^ : OJr^KO/)). (5.3) 

But the right hand-side of (5.3) is nothing but the generalized Harish- Chandra c-function e\ jU 
on G/K, introduced in [17]. Accordingly to [17] . in the Siegel domain realization of G/K 
the function e^j, is given by 

e\ )V {w) = A fJ , x+p (uj(w))A(uj(w))~^ , w e T n . 

In above A denotes the Koecher norm function on p + , and u{w) = ^j^, see [3] for more details. 
Let 7 be the Cayley transform from T> onto the Siegel realization Tq of G/K. Then we have 

* x>u (z) = A(e - z)- v A„ x+ Ml{z)))H"{l{z)))-^ 
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and since 

h(z, z) = A(e - z)A(u('j(z))A(e - z), 

we get 

Observing that P\,„(z, v) = ^\ tU (k~ 1 g) and that h(z,w) is K bi-invariant we obtain the desired 
result. 

ii) The identity (5.1) is easily derived from the following identity on the Jordan polynomial 

h(z, w) 

h(g.z,g.w) = J g (z)ph(z,w)J g (u)p, 
and the proof of Proposition 5.1 is finished. 

Now we are ready to prove the main result of this section. 
Proposition 5.2 Let F = P X ,J with f e B(G/P~, L A)€ ). Then 

HF= {X2 - { 2-" )2) F.(-i)Z (5.4) 

Proof. In view of Lemma 5.1 and the invariance property (5.1) of the Poisson kernel, it 
suffices to show that i-LP\ iV (z,v)\ z= Q = — ~^~ u ^ - ■(— O-^o- 

Let Ej be an orthonormal basis of p + and E* be a dual basis of p_ with respect to B (for 
example {E a } ae ^>+ and {_E_ a } Qe $+ are such basis). Let zi,...,z n be coordinates for p + with 
respect to Ej. 

Regarding if-invariant functions on G as functions on V and vice versa, we have 

£ W = a5f F(0) - 

We know that 

h(z, v y u = 1 + v < z, v > +higher order homogeneous terms, 
where < z,v >= —B(z,tv). A simple computation gives 

d 2 „ . . (X + T] -v)(\ + ri + v) _ X + rj-v _ 
—P^v)^ = - A v jVl —6*. 

Therefore 

UPx, u {z,v) lz=0 = ZJE^EM VjVi Sij) 

= 4 M 2 ^ a ' 
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Notice that [v,v] = [Ad{k)E ,Ad{k)E ] = YJ j= i H ij- 
Since 



we get 



1i ' 

n * — ' * — ' 

' ae*+ 3=1 



njp (7 ..n, _ (A + 77-1^-77 + 1/) - 
As X^=i -ff 7j = —Zq, the result follows. 

6 The Hua eigensections 

In this section we shall consider the following subsystem of the system (5.4) 

4p 

We prove the following result 

Theorem 6.1 Lei F G B(G/K, r) snc/i tfiat 

4p 

T/ien F G A{G/K,M^). 

Most of the Proof of Theorem 6.1 consists in proving the following 
Theorem 6.2 Let F be a r-spherical function satisfying 

U h F = X2 ~^~ U)2 F.{-i)Z,. (6.1) 

Then up to a constant multiple F is given by (a t = exp(5^ =1 tjX 7j J 

^K) = n(l-tanh 2 t J ) A f 1 2 F[ m \ X + ^/^^ t?; tanh 2 tl , tanh 2 t r ). 

3=1 

In the above 2-Fj (a, /3, 7; Xi, x r ) is the generalized Gauss hypergeometric function, see [H] 
for more details. 

Proof of Theorem 6.1. Let F G B(G/K, t v ) such that 

A 2 - (77 - u) 2 

n,F = Y } -F. -i )Z Q . (6.2) 

4p 

Let L be the Casimir operator. Then % h = iL ® Zq. 
Since 3 C f), then F satisfies 

LF^'-C-^F. 

4 
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Hence F is a real analytic function on G. 

Next fix g G G and put F g (x) = J K F(gkx)T u (k)dk. Then F g satisfies 

Fgihxh) = r-^k^Figix^ih). 

Since U(g c ) acts as left G-invariant differential operators, then F g satisfies (6.2). 
Let fi\ = Ap — Ps + P- Let w G W such that tu.if = H,VH G a H . Then we have 

As $wn\,v — ^pL X ,u we deduce that $n XjV is a r^-spherical function satisfying (6.2). Therefore 
F g = CgQ^v, by Theorem 6.2. 
Hence 



K 



F(gkx)r u (k)dk = $ MA ^(x) / F(gk)r u (k)dk. 

J K 



As in the case v — the above functional equation characterizes the joint eigensections of 
D y {G/K), so F G A(G/K,Ai flXtL> ) and the proof of Theorem 6.1 is finished. 

To prove Theorem 6.2 we shall need an explicit form of the radial components of the operator 

6.1 Radial components. 

A function F on G will be called r^-spherical if it satisfies 

F(k l9 k 2 ) = r^hy'Fig^ih)- 1 . 

Let F denote the restriction to A + of a r-spherical function F. By the Cartan decomposition 

G = KCl(A + )K a r„-spherical function F is essentially determined by F. 

For U G U(g c ), we denote by A Tv (U) its r-radial component. That is A Tv (U) G U(a c ) and 

satisfies 

JUFj = A T „(U)F, 

for every r-spherical function F on G. 

Let if* fe (k = 1, ...,r) be the basis of f) which is dual to if 7fc . Then we have 



fc=i 

where the components £4 are given by 
We have 

Let F be a r^-spherical function on G. Then the system "H(,F = ^ - F.(—i)Z reads as 

(A T (C/ fe ))F(a) = ~ ^~ V)2) F, (6.3) 
16 



for k = 1, 2, r. 

Recall that the dual basis E* a of p_ is given by 



< a, a > 
K - — - E_ a . 



In view of Proposition 2.1, C4 can be rewritten as 

U k =| 7fe I 2 E ik E ~ik + < a > E aE- a . 

j «e*t t 

To compute the r-radial parts A Ti/ (Uk) explicitly, we should determine A T (E a E- a ) for all pos- 
itive noncompact roots a. 

The representation of X induces differentiated representation of the Lie algebra t. We 
shall denote this representation by the same latter r v . 

Lemma 6.1 Let F be a t u - spherical function on G and let a G $+. 

i) If a G T or a G wift a/a, then 

T v {-iH a )F{a) = -iv 

ii) If a G $^ a = a, then 

r v (-iH a )F(a) = -2iv 

Proof. We have 

B(-iH a ,Z ) = -^—, (6.4) 
I a I 

i) If a G 7fe for some k = 1, r or a G $^ with a/a then 

< Z - iif a , Z >= 0, 
by iv) of Proposition 2.1. Thus Z — iH a G t s . Therefore 

T- 1 {expt(-iH a )=e- ivt , 

and i) follows. 

ii) In the case a G with a = a then 

< Z - l -H a , Z >= 0, 

from which we deduce that T~ 1 (exp t(^H a ) = e~ wt . Hence ii). 
Proposition 6.1 

4A T (£ 7fc £_ 7 J = X* k + 2 coth2t fc X 7fc - z/ 2 tanh 2 i fc + 2z/. 
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Proof. Write 

EL E ... = 

4 



and since 

[X lhi Y lh \ = -2iH 1 

we get 



1 

4 

Hence we need to compute only A T (Y 2 k ). 
Let a = exp Y^j=i ^j-^u ■ Then we have 



E, k E., k = -{X 2 lk + Yl + i(-2iH lk )). 



Ad(a l )iH lk = (cosh 2t k )iH lk + (sinh 2t k )Yy k . 

Thus 



= ( co th2t lk ){iH lk ) 2 + sinh- 2 2t k {Ad{a- 1 )iH^ k ) 2 
-coth2t 7fc sinh" 1 2t k (iH lk Ad(a~ 1 )iH lk ) + {Ad(a' l )iH lk )iH lk . 

Observe that 

[Ad{a~ l )iH lk) iH lk ] = (2sinh24)X 7fc , 

since [Y lk ,iH lk ] = 2X lk . 

Next, since F is a r^-spherical function we have 

{Ad{a~ 1 )iH lk )iH lk F{a) = -v 2 F{a), 

hence 



{iH lk Ad{a~ l )iH lk )F(a) = -2sinh2t fc X 7fc - v 
from which we deduce that 

Y 2 k = 2 coth 2t k X lk - v 2 tanh 2 t k , 
and the proof of Proposition 6.1 is finished. 



Proposition 6.2 let a G $ + such that a ~ 7 % 7j i ^ jj, a/a. T/ien we /iat>e 



A T (E a E^ a + E S E~) = ^[cothfa + t,)(X 7i + X 7j .) + cothfo - ^)(X 7i - X 7j ) + 2i/] 



We first prepare the following Lemma 
Lemma 6.2 

i)-Ad(a -1 )L/i = cosh(tj + tj)Ui - smh(U + tj)(Y a - e a Y & ), 

ii) Ad(a~ 1 )U 2 = cosh(tj + tj)U 2 — sinh(tj + tj)(X a + e a X 5 ), 

iii) Ad(a~ l )Vi = cosh(tj — tj)V\ — sinh(tj — tj)(X a — e a Xa), 
iv)Ad(a~ 1 )V 2 = cosh(tj — tj)V 2 — sinh(tj — tj)(Y a + e a Y&)- 

To prove the above lemma we need the following result from [10] 
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Lemma 6.3 fTOtf . Let a G Then there exists U±, U 2 in q and V%, V 2 in ( such that 

i) ad{X lk )U 1 = (6 ik + 5 jk )(Y a - e a Y & ), 

ii) ad(X lk )(Y a - e a Y & ) = (S ik + S^Ux, 

iii) ad(X lk )U 2 = (6 ik + S jk )(X a + e a X 5 ), 

iv) ad{X lk )(X a + e a X & ) = (5 ik + S jk )U 2 , 

v) ad(X lk )Vi = (S ik - S jk )(X a - e a X & ), 

vi) ad(X Jk )(X a - e a X & ) = (5 ik - S jk )Vi, 

vii) ad(X^ k )V 2 = (S ik - S jk )(Y a + e a Y & ), 

viii) ad(X lk )(Y a + e a Y & ) = (5 ik - 5 jk )V 2 . 

Proof of Lemma 6.2. We shall prove only i), the others assertions can be proved in a similar 
way. 
we have 

r r 

Ad(exp(-^t fe Xyj£/i = exp(ad(-J2 x ~f k )) u i- 

k=l k=l 

By i) of the above lemma, we have 

r 

ad{-Y t X Jh ) 2n U 1 = (t i + t j ) 2n U u 

k=l 



and 



d(- J2 X i k ) 2n+1 Ui = (U + t j f n+ \Y a - e a Y & ), 



a. 

k=l 

from which we get 

Adia'^Ui = cosh(ti + tj)Ux - sinh(^ + tj)(Y a - e a Y & ). 
This finishes the proof. 

Now we prove Proposition 6.2 giving the r^-radial part of E a E^ a + E-^E~ a - 
Proof of Proposition 6.2. First observe that 

4(E a E. a + E & E-a) =X 2 a + Xl + Yl + Y? + i(2iH a + 2iH & )). 

Next, since 

X 2 + X\ = — [(X a + e a Xa) 2 + (X a — e a Xa) 2 ], 
we will compute A T ((X a ± e a X 5 ) 2 . 

To this end, consider the element U 2 given by Lemma 6.3 and let a = exp(^£ =1 tjX 1:j ). Then 
we have 

Ad(a~ 1 )U 2 = cosh(ti + tj)U 2 - sinh(tj + tj)(X a + eX & ), 
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from which we get 

sinh 2 (ti + tj)(X a + eXo) 2 = cosh 2 ^ + tj)Ul - cosh(t; + t j )U 2 Ad(a~ 1 )U2- 

coshft + tjXAdiar 1 )^)^ + {Ad{aT 1 )U 2 )' 1 . 
Recall from [TO], that U 2 = i(Q a ~ Qa) where 

Qa N a ^—^ i E a —^ i -\- N a,— 7j E a —y. , 

from which we obtain < U%, Z Q >= 0, therefore U 2 G q fl t s and t u {U 2 ) = . 
By ii) in Lemma 6.2, we have 

[Ad{ar x )U 2 ), U 2 ] = -2 sinhfo + tj)(X 7i + X 7j ), 

which gives us 

A r ((X Q + e a X & ) 2 = 2 cothfc + tj)^. + X 7j ). 
Similarly by considering V% and noticing that V\ G ( fl t s we get 

A r ((X Q - e Q X 5 ) 2 = 2coth(tj - tj^X^ - X 7j ). 

Finally since —2iH & F(a) = —2iuF(a),bj Lemma 6.1, the result follows. 

Proposition 6.3 Let a G $ + such that a = 7, 2 73 (i 7^ j), £/ia£ is a = 5. T/ien we have 

A T (E a E_ a ) = ^[coth(t 4 + tj)(X 7i + X 7j ) + coth(t 4 - tj)^. - X 7j .) + 2iA. 
Proof. We first suppose that e a = 1. Accordingly to Proposition 13 and Proposition 14 in 

[ng, u x = Vx = 0. 

We compute first A„(X 2 ) and A !/ (F C 2 ) in the case e a — 1. 
We have 

Ad(a~ 1 )C/ 2 = cosh(tj + tj)^ - 2 sinh(^ + tj)X a , 

hence 

4sinh 2 (t i +t i )X 2 = cosh 2 (^+t i )f/ 2 2 +(Arf(a- 1 )f/ 2 ) 2 -cosh(t i +t i )(f/ 2 Arf(a- 1 )[/2+(^(a _1 )f/ 2 )f/2)- 
Noticing that 

[/^(a- 1 )^ = -[Ad{ar l )U 2 , U 2 ) 
= -8 sinh(ti + tj)(X yi + X 7j ), 

we get 

A,(X 2 ) = 2 coth(ti + tj)(X^ + X 7j ), 

and similarly 

A^(y Q 2 ) = 2 coth(ti - tj)(X^ - X 7 ,). 
in the case e a = —1, analogous computations give 

A„(Y a 2 ) = 2 coth(t, + t^X^ + X 7j ), 

and 

A,(X 2 ) = 2coth(t< - t,)(X 7i - X 7j ). 
To finish the proof of Proposition 6.3, notice that in the case a = a 

-i2H a F(a) = -Aw. 
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Proposition 6.4 The r-radial part of the operator U k is given by 

4 8 2 8 

-. H A T (U k ) = 7-2 +2coth2t fc — -z/ 2 tanh 2 t fe + 2z/ 

I ik r dt% dt k 

3 

Proof. Recall that 

A T (U k ) = a(H lk )A T (E a E* a ). 
By using (i), (ii) and (iii) of proposition 2.1, we obtain 

A r (C4) =< 7fc , 7fc > A r (£ 7fc £_ 7 J + A T (£ a £_ a ), 

from which we deduce 

4 m \ — \ 

I - 2 A T {U k ) = A T {E lk E_ lk ) + - J>oth(^ +t k )(X 7 . +X lk ) + coth(i i -tj){X^. -X lk ) +2u], 

1 lk 1 1 W 

by the results of Proposition 6.1, Proposition 6.2 and Proposition 6.3. 

Next consider a coordinate system t = (t\, t r ) G lR r i — >■ exp(^^ =1 tjX 7j ) e A, such that 
the Weyl group acts as the group of all permutations and sign changes of the coordinates 
(t±, ...,t r ) to get the result. This finishes the proof of Proposition 6.4. 



6.2 Proof of Theorem 6.2 

In this subsection we give the proof Theorem 6.2 which is the main step in the proof of our 
main result. 

Proof of Theorem 6.2 . Let F be a r-spherical function satisfying the system (6.1). 
Recall from subsection 6.1 (equation (6.3) ) that F satisfies 

(A T (U k ))F(a)= {X2 ~ ( %~ u)2) F, fc = l,..,r 

Let 

r 

6(h,...,t r ) = ([[cosht/^l,..,^). 

3=1 

It follows from Proposition 6.4 that the function 6(t± : ...,t r ) satisfies the system of differential 
equations 

d 2 (t> , „ 86 06 m ^ 1 . . , n 86 . , n 86 . 

+ 2coth24-f - 2z/tanht fe -f + - V — — r: — 2^ smh2^-f - S mh2t fc -f 

8t% 8t k 8t k 2 ^ (smh 2 tj - sinh 2 t fc ) cftj <9t fc 

(A 2 - - v?) , 
4 ^ 
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for all k = 1, r. 

Put Xj = — sinh 2 tj and if)(x±, ....,x r ) = </>((ti, t r ). Then the function ip satisfies the 
system 

<9 2 ^ \ rn ^ Xj(l - Xj) dtp x k (l-x k )dip 



cte 2 2 ^-f 0;^ — 9xj Xfc — Xj dxk 

(r] - vf - A 2 



-A 

4 ^' 
for all fc = 1, r. 

Since 3 C f), F is an eigenfunction of the Laplace-Beltrami operator (see the proof of Theorem 
6.1). Hence F is analytic. Being r-spherical F is H^-invariant. Since the Weyl group W acts 
as the group of all permutations and sign changes of the coordinates (ti, ...,t r ), it follows that 
ijj is a symmetric function of x\, ...,x r and analytic at X\ = ... = x r = 0. 
From Theorem 2.1 116 we deduce that 



where c is some numerical constant. 
Thus 



F(a t ) = ([[ cosh ti)- v 2F™( X + V - , X + V - , m - sinh 2 t u sinh 2 t r ). 
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Next using the following Formula on the generalized Gauss hypergeometric function [16 
2 F} m \a, 0, 7 ; yi) y P ) = ^(1 - y,)- 2 *f >(a, 7 - & 7! • ^r)- 

A A Wl - 1 U r - 1 



we get 

*W = n(l-tanh 2 t,)^ a jf>( - + g = - , A + \ + - , m tanh 2 1 1; .., tanh 2 t r ), 
3=1 

and the proof of Theorem 6.2 is finished. 



7 The sufficiency of the conditions 

In this section we shall complete the proof of our main result. 
Let F E B(G/K, r v ) such that F satisfies the Hua system 

HF= ^-^-^ 2) F.(-i)Z . (7.1) 

Then F e A{G/K,M^ U ), by Theorem 6.1. 

By Theorem 3.1, it suffices to prove that the boundary value Pfi x ,vF is in B(Gf P=, L\ >v ). To 
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do so, we will show that the induced equations of the subsystem % S F = of (7.1)for boundary 
values on G/P characterize B(G /P=,L\ tV ), see [6] for more details on induced equations that 
boundary values satisfy. 

The method of the proof for v = in [T3] can be generalized to our situation, see also [TD] . 
Below, we give an outline of the proof. Let s be the orthogonal complement of f) in q with 
respect to B. Denote by C + the set of positive compact roots (3 such that (3 ~ 7j ~ 7 ' for some 
j > i. 

Let {Sp, (3 G C + } be the basis of s c that is dual to {Sp, (3 G C + }, with respect to B. We have 

/3eC+ 

where Up (q c ) is given by 
The condition H S F = implies 

UpF = 0, V/3 G C+ 
Consider the Poincare-Birkhoff-Witt Theorem decomposition 

U(g c ) = U(n- + a c )+J2 U(q c ){X ~ t v (X)), (7.2) 
and let Hi denote the projection of U(g c ) to U(n~ + a c ) with respect to the decomposition 

For U G U (q c ), let C/ be the differential operator on N xW defined by U = P(Hi(U)) where P 
denotes the operator defined by P(X a ) = t a X_ a and P(Hj) = —tj^-, under the isomorphism 

from W onto A given by t — >■ a(i) = exp(— X^t-^o 1°S I ^? I ^i)- 

By the Iwasawa decomposition G = N~AK, the restriction map from G to N~A gives an 
isomorphism from B(G/K,t v ) to B(N~A). 

Now F regarded as an element of B(N~A) satisfies the differential equation 

UpF = 0, f3 G C+. 
Fix /3 G C+ such that /3 ~ (2 < i < r). 

Similar computations as in [[2], Proposition 4.4 and Proposition 4.5] show that the operator 

t^-^Up, (7.3) 

is well defined on N~ x R and has analytic coefficients near t = 0,and that the induced equations 
for the system H S F = are 

Adc(E_ )P ltXtV (F) = O, V/3GC+;/3^ 7t ~ 7 ^ 1 (2 < i < r). 

To conclude recall that the vectors { Adc(E_ s) , /3 ~ 7t-7t-i } span the root space g^-p^ and 

2 

that { /3 '~^'~ 1 , 2 < « < r} are the simple roots of { ^'~^ , 1 < j < z < r. Thus 

X a /3^ U (F) = V«; a = ^A 

with 1 < j < i < r. 

This shows that fi^^F G B(G/Ps, L\,u) an d the proof the main result of this paper is finished. 
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